CURVATURE AND THE BACKWARD SHIFT OPERATORS
We characterize all the operators T in £¡i(D) which are unitarily equivalent to ipa(T) for all a with \a\ < 1, using curvature techniques.
Introduction.
The backward shift operator U+ lies in the class Bi(D), first introduced in Cowen and Douglas [1] . It is easy to compute the curvature Kw (w), which turns out to be -(1 -|oj|2)-2. For any operator T in i?i(D) with ||r|| < 1, we have [3] , JCr(w) < -(1 -|u;|2)~2. This inequality is best possible over all of D since equality holds for T = [/+. Some time back R. G. Douglas asked if the inequality is best possible pointwise; that is, if T E Bi(D), ||T|| < 1 and jCt(wu) = -(1 -lwo|2)-2 f°r some wo in D, does it follow that T is unitarily equivalent to U+l
In this note we obtain a characterization of those operators T in ¿?i(D) that are unitarily equivalent to pa{T) for all a, where pa is a Möbius transformation of the disk, and answer the above problem in the negative. PROOF, if Kr(w) = -c(l -|w|2)-2, a calculation similar to the one above shows that <Pa{T) must be unitarily equivalent to T for all a.
Conversely, if T is unitarily equivalent to pa (T) for all a then we must have /W)fa»M) = I^MI2/Cr(«) = Kt(p*(u)). When c is an even integer these operators can be identified with the adjoint of multiplication on the Hilbert space of square integrable holomorphic functions on D with respect to the measure dp = {i/2)(l -|w|2)2~2? du: A dUi (cf. Kra [2, pp. 89 and 95]). Thus, we are able to idenify all of the operators that are unitarily equivalent to all their Möbius transforms <pa(T).
It follows from the Proposition that if T E Bi(D) and |[T|| < 1, then the following two statements are equivalent.
(1) Kt{wq) = -(1 -|wo|2)~2 for some ujq and pa{T) is unitarily equivalent to T for all a.
(2) T is unitarily equivalent to U+. However, Kt(^o) = -(1-|wo|2)-2 does not necessarily imply that T is unitarily equivalent to U+ as we will show by means of an example.
Let T be a weighted shift operator with weights ojq, u>i, u>2,-We can consider T to be an ordinary shift on a weighted sequence space (Shields In fact, we can compute hr-(u>) explicitly for the weighted shift of our example and show that for* {<Pa(<¿>)) ^ |^4(c«;)|/iT" (w), therefore 71 is not unitarily equivalent to pa(T) for any a.
